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Abstract. In this paper we prove some sharp weighted norm inequalities for 
the multi(sub)lincar maximal function M. introduced in [18] and for multilinear 
Calderon-Zygmund operators. In particular we obtain a sharp mixed " A v — 
bound for Ai, some partial results related to a Buckley- type estimate for A4, and 
a sufficient condition for the boundcdncss of Ai between weighted LP spaces with 
different weights taking into account the precise bounds. 

Next we get a bound for multilinear Calderon-Zygmund operators in terms of 
dyadic positive multilinear operators in the spirit of the recent work [16]. Then 
we obtain a multilinear version of the " Ai conjecture" . Several open problems are 
posed. 



I. Introduction 

The modern theory of weighted norm inequalities for some of the main operators 
in Harmonic Analysis originated in the beginning of the 70's in the works by R. 
Hunt, B. Muckenhoupt, R. Wheeden, R. Coifman and C. Fefferman. In particular, 
it was realized that the key role in this theory is played by the so-called A p condition. 
Much later, the question about the sharp dependence of the L p (w) operator norm 
in term of the the A p constant or characteristic of the weight appeared. First, for 
the Hardy-Littlewood maximal operator this problem was solved by S. Buckley [2]. 

It turned out that for singular integrals the question is much more complicated. 
In [21], S. Petermichl solved it for the Hilbert transform. Recently, T. Hytonen 
[9] gave a complete solution for general Calderon-Zygmund operators solving the 
so-called A 2 conjecture. A bit later this result was improved in [12] in the case 
p = 2 and for general p in [10]. A further improvement was obtained in [11] where a 
non-probablistic proof was found together with a g-variation estimate. We refer to 
these papers for a more detailed history and for some other closely related results 
like (1.3). 

The aim of this paper is to give some multilinear analogues of the above mentioned 
results in the spirit of the theory of multiple weights developed recently in [18]. We 
introduce some notation. Given / = (fi, ■ ■ ■ , f m ), we define the multi(sub)linear 
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maximal operator Ai by 

m i r 

M(f){x) = su P JJ— / \fi{yi)\dy h 

where the supremum is taken over all cubes Q containing x. It is shown in that paper 
that this operator controls in several ways the class of multilinear Calderon-Zygmund 
operators (see section 2.2). A particular instance of this intimate relationship is the 
class of weights characterizing the weighted LP spaces for which both operators 
are bounded. To define this class of weights we let w = (wi, . . . ,w m ) and P = 
(pi, . . . ,p m )- Set i = ^j- + • ■ ■ + y- and v$ = YlT=i w ^ Pl ■ We say that w satisfies the 
Ap condition if 



It is easy to see that in the linear case (that is, if m — 1) [w]a p = [ w ]a p is the 
usual A p constant. In [18] the following multilinear extension of the Muckenhoupt 
A p theorem for the maximal function was obtained: the inequality 

m 

(i-i) iiM(/)iu P( ^)<^nii^ii^K) 

i=l 

holds for every / if and only if w satisfies the Ap condition. 

The first question we are going to study is the question about the sharp depen- 
dence of C in (1.1). In the standard situation, namely when m = 1, two different 
types of sharp weighted inequalities for the Hardy-Littlewood maximal operator M 
are known. First, Buckley's theorem [2] says that for any 1 < p < oo, 

(1-2) \\M\\ LP{w) <C n ,p[w]t;. 

Until very recently this result was thought to be sharp since the exponent of [w]a p 
cannot be improved. However, recently T. Hytonen and the third author [12] (see 
also [13] for another proof) showed that (1.2) can be improved in the following way. 
Define the A^ constant of w by 



Ma oc = sup^— / M(wxq)- 
q w{Q) Jo 



This definition goes back to the characterization of the Aoo class of weights given by 
N. Fujii [7] (see also M. Wilson [22]). It is not difficult to show that [w]aoo < Crafto]^ 
for any r > 1. It was shown in [12] that 

(1-3) ||M|| Lp(w) <CUMa>]aJ 1/p , 

i 

where a = w 1 ~ p . This estimate implies (1.2) since [cr]^ < cfa]^, = cfw]^ 1 , and 
therefore ([w} Ap [a} A J^ < c[w]f~\ 
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Our multilinear results related to (1.2) and (1.3) are somewhat surprising. They 
show that contrary to the case m = 1, multilinear versions of (1.2) and (1.3) are 
independent of each other. We are able to get a full analogue of (1.3). However such 
an analogue does not yield an expected full analogue of (1.2). Our first main result 
is the following. 

Theorem 1.1. Let 1 < Vi < oo,i = 1, . . . , m and - = — + ... + —. Then the 

^ % ' ' ' P PI Pm 

inequality 

1 m m 

(i-4) wMtf)^) < c n>m>P [w\i p ncfauj* n wMnM 

i=l i=l 

holds if w G Ap, where Oi = w i l , i = 1, . . . , m. Furthermore the exponents are 
sharp in the sense that they cannot be replaced by smaller ones. 

Even though the result of this theorem is sharp it would be of interest to find an 
extension of Buckley's estimate (1.2). However this task seems to be more compli- 
cated. Currently we can get only several partial results expressed in the following 
theorem. 

Theorem 1.2. Let 1 < p, < oo, i = 1, .... m and - = — + ... + —. Denote by 

' ' ' P Pi Pm y 

a = a(p\, . . . ,p m ) the best possible power in 

m 

(1-5) \\M(f)\\ LP{ ^ < Cn, m , p [AA P IIll/i||L*(«0- 

8=1 

Then we have the following results: 

(i) for oiiupi ft„<oo,^ r < a <i(i + EL sb); 

(ii) if p ± = p 2 = ■ ■ ■ = p m = r > I, then a = 

It is easy to see that the upper and lower bounds for a in (i) coincide if m = 1. 
The upper bound for a in (i) is a corollary of Theorem 1.1 after an application of 
Lemma 3.1 (see section 3). However, in the case of (ii) a coincides with the lower 
bound in (i). This says that if m > 2, then the upper bound in (i) is not sharp, in 
general. Hence, contrary to the linear situation, (1.4) cannot be used in order to 
get a sharp bound in terms of Perhaps, the explanation of this is that the 

right-hand side of (1.4) involves m + 1 independent suprema while the definition of 
[w\a~ involves only one supremum or else Lemma 3.1 is not sharp. Resuming, the 
problem of finding the sharp a in (1.5) remains open except the case considered in 
(ii). 

We also give a sufficient condition for the "two-weighted" boundedness of M. 
with precise bounds generalizing the corresponding linear result from [20] and its 
multilinear counterpart in [19]. Let X be a Banach function space. By X' we denote 
the associate space to X. Given a cube Q, define the X-average of / over Q and 
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the maximal operator Mx by 



x,Q = ||^ q (/Xq)IU, M x f(x) = sup ||j \\ x ,Qi 

where £q denotes the side length of Q and where Tgf = f(5x), 5 > 0, x G W 1 . 

Theorem 1.3. Let 1 < p~, < oo,i = 1, . . . ,m and - = — + ... + —. Let X; be a 

Banach function space such that Mx 1 . is bounded on L Pi (M. n ). Let u and Vi, . . . , v m 
be the weights satisfying 

■u(Q)\ 



Then 



\\M(f)\\LP(u) <C n , m Kl[\\Mx>\\ LPi (R")|| Ji\\LPi (vi)- 



i=l 



This result can be seen as a two weight version of (1.4) when considering function 
spaces X given by X = L rp for 1 < p, r < oo so that 

||^X'||lp(R™) = ||^(rp')'IU p (R n ) ~ ( r ')^ P - 

Another interesting example is given when considering the Orlicz space space X = 
L B where B is a Young function for which ||Mx'||lp(R") = ||-^bIU p (m™) i s finite. In 
particular if B(t) = t p ' (log(e + t)) p ' '~ 1+s , 5 > 0, 1 < p< oo it follows from [20] that 

||-^X'|Up(R") = ||^b||lp(R") ~ 

We turn now to some multilinear analogues of the sharp weighted results for 
singular integrals. First, we recall some linear results. Let T be a Calderon-Zygmund 
operator. Then it was proved by T. Hytonen [9] in full generality that 

(1.6) II^II^H < C T ^ p [w] Ap p - lJ (Kp< oo). 

Observe that it suffices to prove (1.6) in the case p = 2; then for any other p the 
result follows by the sharp extrapolation theorem. Note also that (1.6) in the case 
p = 2 was usually referred as the A 2 conjecture. In two recent papers [16, 17] a 
different proof of (1.6) was found by the second author. This proof shows that there 
is an intimate relationship between the (continuous) singular integral T and some 
very special dyadic type operators. These operators are defined by means of the 
concept of sparseness. Given a sparse family S = {Q k j} of cubes from a dyadic 
grid (these notions will be defined in Section 2.1) we consider the operator As,& 
defined by 

A s ,®f(x) = ^2fQkXQh(x). 
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It was proved in [16, 17] that for any Banach function space X, 
(1-7) ||T/|U<c T , n sup||As^miU. 

A rather simple argument found in [3] shows that | \As,@ \\l 2 {w) < c Ma 2 - Therefore 
if X = L 2 (w), then (1.7) implies (1.6) for p = 2. 

The second main result of this paper is an extension of (1.7) to the multilinear 
setting. Here, the dyadic operator that appears naturally is a multilinear version of 
the operator Ag^s given by 

m 

j,k i=l 

Given /= (fi,...,f m ), denote |/| = (\f x \, . . . , \f m \). 

Theorem 1.4. Let T(f ) be a multilinear C alder on- Zygmund operator and let X be 
a Banach function space over R n equipped with Lebesgue measure. Then, for any 
appropriate f , 

\\T(f)\\x<c T>m , n 8up\\A^ s (\f\)\\x, 

s>,s 

where the supremum is taken over arbitrary dyadic grids 3i and sparse families 
S e 3. 

Similarly to the linear case, we would like to apply this result when X = L p (^). 
However, the exponent p is allowed to be smaller than one, to be more precise 
1/m < p < oo (see section 2.2). Therefore, if 1/m < p < 1, Theorem 1.4 cannot 
be applied since in this case the space Uiy^) is not a Banach space. This raises 
an interesting question whether the condition in Theorem 1.4 that X is a Banach 
space can be relaxed until that X is a quasi-Banach space. It is natural to consider 
first this question in the linear situation. Observe that in the current proof of (1.7) 
the fact that X is a Banach space was essential. 

The third main result of this paper can be seen as a multilinear version of the 
A2 conjecture (1.6). Indeed, one of the main results obtained in [18] is that if 
w G Ap, then an analogue of (1.1) holds with T(f ) instead of Ai(f ). Hence, the 
question about the sharp dependence on [w]a~ in the corresponding inequality is 
quite natural. It is interesting that contrary to the linear situation where (1.7) 
implies the A2 conjecture, we are currently able to apply Theorem 1.4 only in one 
particular case being the content of the following theorem. 

Theorem 1.5. LetT(f) be a multilinear C alder on- Zygmund operator. Assume that 
Pi = Vi — ' ' ' = Pm = m + 1 ■ Then 

m 

(1-8) ||T(/)|U P( , #) <C' T)m , n M^nil^ll^K)- 

i=l 
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Several remarks about this result are in order. As we already mentioned, Theorem 
1.5 can be regarded as a multilinear " A 2 conjecture". However, it is natural to ask 
how to extend it to all 1 < pi < oo. This leads to several interesting problems. As 
we explained above, (1.6) can be obtained from the case p = 2 by the sharp version 
of the extrapolation theorem of Rubio de Francia obtained in [5] (see also [6] or [4] 
for different and simpler proofs). It would be very desirable to get a multilinear 
analogue of this result. Having such an analogue, inequality (1.8) probably would 
be a starting point to extrapolate from. 

Observe, however, that (1.6) can be proved also without the use of extrapolation. 
Indeed, one can easily prove (1.6) with A@ t s instead of T for all 1 < p < oo (as 
it was done in [3] for p = 2), and then apply (1.7) with X = L p (w). The proof of 
(1.6) for A@,s is very close in spirit to the proof of Buckley's inequality (1.2) found 
in [14]. Hence, it is natural to ask whether it is possible to find a similar proof for a 
multilinear version of A%>^. But this leads to a problem of finding a in Theorem 1.2 
by the method in [14]. Part (ii) of Theorem 1.2 indeed obtained by an adaptation 
of this method. However how to do that in the case of different pi is not clear. 

The paper is organized as follows. Some preliminaries are contained in Section 2. 
In Section 3 we prove all theorems related to A4. Section 4 is devoted to the proof 
of Theorem 1.4. Finally, Theorem 1.5 is proved in Section 5. 

2. Preliminaries 

2.1. Dyadic grids. Recall that the standard dyadic grid in M. n consists of the cubes 

2- fe ([o,i)" + j), kezjezr. 

Denote the standard grid by T>. 

By a general dyadic grid Si we mean a collection of cubes with the following 
properties: (i) for any Q G @ its sidelength £q is of the form 2 fc , fceZ; (ii) Q D R G 
{Q, R, 0} for any Q,R G 3>\ (iii) the cubes of a fixed sidelength 2 fc form a partition 
of R n . 

We say that {Qj} is a sparse family of cubes if: (i) the cubes Qj are disjoint in 
j, with k fixed; (ii) if tt k = UjQ*, then Q k+i C Q k ] (iii) \^k+i H Qj \ < 

With each sparse family {Q 1 ^} we associate the sets = Qj\Qk+i- Observe that 
the sets are pairwise disjoint and \Q^\ < 2\Ej\. 

Given a cube Qo, denote by V(Q ) the set of all dyadic cubes with respect to Qo, 
that is, the cubes from T>(Qo) are formed by repeated subdivision of Qo and each 
of its descendants into 2" congruent subcubes. Observe that if Qo £ @, then each 
cube from T>(Q ) will also belong to @. 

We will use the following proposition from [12]. 

Proposition 2.1. There are 2 n dyadic grids such that for any cube Q C W 1 
there exists a cube Q a G Q) a such that Q C Q a and £q o < 6£q. 
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Lemma 2.2. For any non-negative integrable = l,...,m, there exist sparse 
families S a G 3t a such that for all x G M n , 

M(f)(x) < (2- l2 n rY^A^ Sa {f){x). 

a=l 

Proof. First, by Proposition 2.1, 

2™ 

(2.1) M(f)(x) < 6™J2M®*(f)(x). 

a=l 

Consider Ai d (f) taken with respect to the standard dyadic grid. We will use 
exactly the same argument as in the Calderon-Zygmund decomposition. For c n 
which will be specified below and for fcgZ consider the sets 

Q k = {xeR n :M d (f)(x)>c k n }. 

Then we have that = UjQ k , where the cubes Q h are pairwise disjoint with k 

J J J 

fixed, and 

m 

< < nc% ^ 2mnc n- 

i=l 

From this and from Holder's inequality, 

IQjnfWI = £ 



m 

™ £ n(/ el+ ,/. 



fc+i / I \ 1/m 

< Cn™ ]I( Ji) < 



Hence, taking c n = 2 m( - n+1 \ we obtain that the family {Qj} is sparse, and 

M\f){x) <2 m ^A v M){x). 

Applying the same argument to each Ai^if) and using (2.1), we get the state- 
ment of the lemma. □ 

2.2. Multilinear Calderon-Zygmund operators. Let T be a multilinear opera- 
tor initially defined on the m-fold product of Schwartz spaces and taking values into 
the space of tempered distributions, 

T : S{W n ) x ■ • • x S(W n ) S'(R n ). 

We say that T is an m-linear Calderon-Zygmund operator if, for some 1 < qj < oo, 
it extends to a bounded multilinear operator from L Ql x • ■ ■ x L Qm to L q , where 
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+ ••• + —, and if there exists a function K, defined off the diagonal x = y-t 
■ ■ ■ = Um in (R n ) m+1 , satisfying 



r(/ 1 ,...,/ m ) W = / UAW-/.W*...*. 

(K") m 

for all x G" fl™^ supp /j, 



\K(Vo,Vi, ■■■,Vm)\ < 



( E |y* -2/2I) 

K k,l=0 J 



and 



|-K"(2/o, ...,Vj,..., y m ) ~ K(y , . . . , j/'-, . . . , y m )\ < 



/ m ^ mn+e ' 

E I j/* - yd , 

K k,l=0 



for some e > and all < j < m, whenever \y~ — y'A < - max \yj — y^\. 

J 2 0<k<m 

It was shown in [8] that if ^- + ■ ■ • + ^- = then an m-linear Calderon-Zygmund 
operator satisfies 

T : L ri (R n ) x • ■ ■ x L r ™(R n ) L r (R n ) 

when 1 < r j < oo for all j = 1, • • ■ , m. Similarly if 1 < rj < oo for all j — 1, ■ • • , m, 
we have 

(2.2) T : L^R") x • • • x L x (R n ) -> L 1/m '°°(R n ) 

2.3. A "local mean oscillation decomposition". The non- increasing rearrange- 
ment of a measurable function / on R n is defined by 

/*(*) = inf{a > : \{x G R n : |/(x)| < a}\ < t} (0 < t < oo). 

Given a measurable function / on R n and a cube Q, the local mean oscillation of 
/ on Q is defined by 

u x (f; Q) = inf ((/ - c) X qY(X\Q\) (0 < A < 1). 



By a median value of / over Q we mean a possibly nonunique, real number rrif(Q) 
such that 

max (\{x G Q : f(x) > m f (Q)}\, \{x G Q : f(x) < m f (Q)}\) < \Q\/2. 

It is easy to see that the set of all median values of / is either one point or the 
closed interval. In the latter case we will assume for the definiteness that rrif(Q) is 
the maximal median value. Observe that it follows from the definitions that 

(2-3) \m f (Q)\ < (fx Q T(\Q\/2). 
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Given a cube Qo, the dyadic local sharp maximal function rw[.Q o f is defined by 

m t;Q f( x ) = SU P ^(f;Q')- 

x&Q'€V(Q a ) 

The following theorem was proved in [16] (its very similar version can be found 
in [15]). 

Theorem 2.3. Let f be a measurable function on W 1 and let Q be a fixed cube. 
Then there exists a (possibly empty) sparse family of cubes Qj G T>(Qq) such that 
for a.e. x G Qo, 

\f(x)-m f (Q )\ < 4m% . Qo /(*) + 2 J> i (/jOfW*). 

2.4. Banach function spaces. For a general account of Banach function spaces 
we refer to [1, Ch. 1]. We mention only several notions which will be used below. 
The associate space X' consists of measurable functions / for which 

\\f\\x> = sup / \f(x)g(x)\dx < oo. 
||slU<i JR n 

This definition implies the following Holder inequality: 

(2.4) f \f(x)g(x)\dx<\\f\\ x \\g\\ x , 
Further [1, p. 13], 

(2.5) ||/|U= sup f \f(x)g(x)\dx. 

||s|| X ' = l 



3. Proof of Theorems 1.1, 1.2 and 1.3 

In the proof of Theorem 1.1 we shall use the following reverse Holder property of 
weights proved in [12]: if w G A^, then 

(31) LL w< i ^uh 

where r(w) = 1 H A — and r n = 2 11+n . Observe that r'(w) ~ \w]a ■ 

Proof of Theorem 1.1. By (2.1), it suffices to prove the theorem for the dyadic max- 
imal operators Ai &a . Since the proof is independent of the particular dyadic grid, 
without loss of generality we consider Ai d taken with respect to the standard dyadic 
grid V. 

Let a = 2 m ( n+1 \ and tl k = {x G R n : M d (f)(x) > a k }. We have seen in 
the proof of Lemma 2.2 that = UjQj, where the family {Q^} is sparse and 
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ak < Uti ,4 I Q k \M< Z nm a k . It follows that 

/ M d {fY v a dx = V / M d {fY v a dx 
Jr" k Jn k \n k+1 

k,j \i=l IV J 1 ,/<3 j / 

^ aP e (n i/«k>r^^ 

where a, = (p^)' and rj is the exponent in the sharp reverse Holder inequality (3.1) 
for the weights <jj which are in for i — 1, . . . , m. Applying (3.1) for each (Xj, we 
obtain 



/ M\fY u^dx <a^j] | f^w? dy. 

n kj i=i V 1 ^' 1 J ^ 



_£_ 

3 



x I 2 ^h / ^ I 



195, 

< cvUp E II y , i/<r< ^ 10*1- 



Let £y be the sets associated with the family {Q'j}. Using the properties of Ej 
and Holder's inequality with the exponents Pi/p, we get 



p_ 

fei 



r /If 2i \ 

n fcj i=i V 1 ^' 1 / 

p m / ct i \ — 

< 2C[w\ Ap E / k U M ( i/*r< ) " <** 



k,j i i=l 

p 



n III / a \ — 

m ( f f ~ 

<2C[w] Ap ]in^M^\f i rwpj 'dx 
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From this and by the boundedness of M, 

m «• 
M d (f) p u a dx < C[w] Ap H (&/«<)')" \h\ a '< 



i=i 



(Wi) 
8=1 

<CM^n(N^)^ll^ll^ K) , 

1=1 

where in next to last inequality we have used that (pi/cm)' < v'i r 'i an d m the last 
inequality we have used that r[ m [(Ji] Aoo , for i = 1, . . . , m. This completes the proof 
of (1.4). 

Let us show now the sharpness of the exponents in this inequality. Assume that 
n = 1 and < e < 1. Let 



W; 



= e)(Pl 1} and f i (x)=x 1+£ X(o,i)(x), i = l,...,m. 
It is easy to check that = \x\^ 1 ~ £ ^ pm ~ 1 \ 

(3-2) [w\ Ap = [is a ] Apm « (1/e)"^ 1 and fc]^ < |. 

Also, 

m 

(3.3) nii^n^K)=( i ^) i/p . 

i=l 

Let / = x~ 1+E X(o,i)( x )- Then the left-hand side of (1.4) can be bounded from 
below as follows: 

(3.4) \\M(f)\\ LP ^) = ||M/||£» (1W) > (l/e) m ||/||S- (lw) = (l/e) m+1/p . 

On the other hand, by (3.2) and (3.3), the right-hand side of (1.4) is at most 
(1/ 'e) m+l / p '. Since e is arbitrary, this shows that the exponents 1/p and 1/pi on 
the right-hand side of (1.4) cannot be replaced by smaller ones. □ 

In order to get an upper bound for a in part (ii) of Theorem 1.2, we shall need 
the following technical lemma. Its proof follows the same lines as the proof of [18, 
Th. 3.6]. 

Lemma 3.1. Let 1 < < oo, j = 1, . . . ,m and - = — + ...+ — ■ If w E As, then 

fj U 11 P PI Pm J P' 

[*iU» < C[w}% P . 

Proof. It was shown in [18, Th. 3.6] that if w G Ap, then Oj G A mp >.. Our goal now 
is to check that 

(3-5) w^, < mf;. 
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Since [oj]^ < Cfuy]^ , , (3.5) would imply the statement of the lemma. 
Fix 1 < j < m, and define the numbers 

q- = pfm - 1 + —] and q { = — —,i ^ j. 
\ pjJ Pi -I p 

Since 

using Holder inequality, we obtain 



From this, 



Since 




<li pU-I+^t) Pi 



p»-i p 

we obtain 
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Therefore, 



W"*Q) = \\Q\J w i ] )\\Q\ ,Wr 



< 



r \ / 1 



w 



l-p'i 



\Q\Jq w Jl\\\Q\ 

= (A p (w;Q)y'j /p , 

which proves (3.5). □ 

Proof of Theorem 1.2. We start with part (i). Consider the example given in the 
proof of Theorem 1.1. Combining (3.2), (3.3) and (3.4) with 

m 

ii^(/)iu^)<cN^nii^ii^K-)' 

we obtain m + 1/p < a(mp — 1) + 1/p which yields a > m r ^_ 1 - 
Further, by Theorem 1.1 and Lemma 3.1, 



a < 



P ^ Pi P P^ r—fPi — 1 

1=1 1=1 



This completes the proof of part (i). 

Suppose now that p\ = p 2 = ■ ■ ■ = p m = r. Then p = r /m, = ^ YljLi w : 
Denote 

1 f \ (r-l)/m 



l/m 



Q 



where ov = w, 1 r . Set also 



M 9 (f)(x)=sapf[-^r [ \U 



We will follow the method of the proof of Buckley's theorem given in [14]. By (2.1), 
without loss of generality we may assume that the maximal operators considered 
below are dyadic. We get 



n^/i/,i^^Q)*fe ( n^/i/. 



_i — i \ i — i 

iieiV Jil = ' wwr ~' ^vii^w) ' " A 

Hence, 

From this, using Holder's inequality and the boundedness of the weighted dyadic 
maximal operator with the implicit constant independent of the weight, we obtain 
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— # — # _i m 

m 

< cNril^(/)IL^ ( ,W) 

F \ w I 

m 

m 

< c'NVlIll^^ 71 )!!^) 



p 

i=i 



in 



This proves that a < ^y. But if pi = p 2 = ■ ■ ■ = p m — r , then m ^_ 1 = ^y. Hence, 
using part (i), we get that a = -^j. □ 

Proof of Theorem 1.3. We start exactly as in the proof of Theorem 1.1. It suffices 
to prove the main result for M d . Let Q k = {x G M n : M d (f)(x) > a k } = UjQj, 
where a = 2 m ^ n+1 \ Then 

/ M d (fyudx<a^(flj^ I \fi\4^dy\ u(Q*). 
*™ fcj W ^ / 

By the generalized Holder inequality (2.4), 



1 



\Q h i 



3 I ^Q" 



1 J J 



Combining this with the previous estimate, using the properties of the sets 
associated with {Q'j}, and applying Holder's inequality, we obtain 

r ( m J- -i Vwfo^ 



fcj \i=l / ' 3 



p 

LP 



< 2aPtf* £ J] || WJ 1^1 < 2eW|| J] M^jCAwJ' 

fcj \j=l / i=l 

m m 

< 2a^nil^(M lM )|| P LPi < 2a^nil M ^II^H^II^W 

i=l i=l 

which completes the proof. □ 

4. Proof of Theorem 1.4 

Theorem 3.2 from [18] says that Mf{T(f)){x) < CM(f)(x), where M* is the 
standard Fefferman- Stein sharp function and Mf(f) = M*(|/|' 5 ) 1 / <5 . A simple ex- 
amination of the proof of this result yields the following local mean oscillation esti- 
mate for T(f). 
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Proposition 4.1. For any cube Q C W 1 , 

00 1 m / 1 r \ 

(4.1) wa(T(/); 0) < c(T, A, n) ^ ^ jQ (jgigf / 2iQ l^^)I^J ■ 

We turn now to the proof of Theorem 1.4. Combining Proposition 4.1 and Theo- 
rem 2.3 with Qo G T>, we get that there exists a sparse family S = {Qj} G T> such 
that for a.e. x G Qo, 

(4.2) |T(/)(s) - m Qo (T(/))| < c(m(/)(x) + £ ^,,(|7| )(*)), 

;=o 

where c = c(n, T) and 

T S ,l(f)(x) = (j\Ui)^Q^)XQ^{x)- 

j,k i=l 

By the weak type property of the m-linear Calderon-Zygmund operators (2.2), 
assuming, for instance, that each fi is bounded and with compact support, we get 
(T(/))*(+oo) = 0. Hence, it follows from (2.3) that \m Q (T(f)) \ ->■ as |Q| -» 00. 
Therefore, letting Qo to anyone of 2" quadrants and using Fatou's lemma and (4.2), 
we obtain 



00 

\\T{f)\\ x <c(n, T)(||M(/)||x + E^! u Pll r ^(/)IU 
By Lemma 2.2, 



2L **> 



\\M(f)\\ x <c(m,n)swp\\A %s \f\\\x- 

3>,S 

Our goal now is to show that 

(4.3) sup \\Ts,i{f)\\x < c(m,ri)l sup ||^,s|/|||x. 

This estimate along with the two previous ones would complete the proof. 

4.1. Several auxiliary operators. Assume that /, > 0. Fix S = {Qj} G V. 
Applying Proposition 2.1, we can decompose the cubes Q k j into 2 n disjoint families 

F a such that for any Q k - G F a there exists a cube Pj'£ G ^ a such that 2 Z Q^ C Pj'£ 
and £ p i, a < 6£ 2 ;gfc. Hence, 

2" m 

(4.4) rs,,(/)(x)<6™^ £ (n^)p;; fe a )^ (x) - 

«=1 j,k:Q^eF a *=1 

Denote 



Ti, a (f){x) = (Yl(fi)p^)x Q ^(x). 



j,k i=l 
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We shall also need the following auxiliary operator 

m — 1 , n 

j,k i=l J ' I "j'fc I "'G* J ' 

This object appears naturally in the following duality relation: 

(4.5) / Ti, a (f)gdx= / ^i,a(fi,...,m-i,g)f m dx. 
Lemma 4.2. For any cube Q £ 

m—l 

u x (^i, a (fi,-,m-i^g);Q) < c(\,m,n)lg Q JJC/Oq. 

i=l 

Proof. Let Q £ ^ a and let x e Q. We have 

•^,a(/i,...,m-i > 0)(aO = + • 

The second sum is a constant (denote it by c) for x £ Q, while the first sum involves 
only the functions /j which are supported in Q. We get the following simple estimate: 

m—l 

(4.6) \.AAh,-,m-i,g)-c\xQ(x) < II M (/iXQ)(aO#(0Xg)(aO, 

i=l 

where 



jh 1 i. fc 1 ■ /< *i 



a?) 



It was proved in [17, Lemma 3.2] that ||^<?||£i,°o < c(n)/||p||x,i. Using this esti- 
mate, the weak type (1,1) of M, and reiterating the well known property of rear- 
rangements, (fg)*(t) < f*(t/2)g*(t/2), t > 0, we get using (4.6) 

m— 1 

ux(^Ufi,.,rn-i,g);Q) < ( U M(f iXQ ) ^{gx Q )) * (A| Q\) 

i=l 

m—l 

< II (M(/ J x Q ))*(A|g|/2 l )(^XQ))*(A|g|/2 m - 1 ) 

i=l 

m—l 

< c(X,m,n)lg Q JJ(/*)q, 

i=l 

which completes the proof. □ 
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4.2. Proof of (4.3). By (4.4) it is enough to prove (4.3) with 7i, a (f), for each 
a = 1,...,2™, instead of Ts,i(f) on the left-hand side. By the standard limiting 
argument one can assume that the sum defining 7j, a (/) is finite. Then the sum 
defining the corresponding operator ^i, a (fi,...,m-i, g) m (4.5) will be finite too. This 
means that the support of ^#/, a (/i,..., m -i, g) is compact. One can cover it by at most 
2 n cubes Q u G 3> a such that 

Applying Theorem 2.3 along with Lemma 4.2, we get that there exists a sparse 
family S a G @ a (Qv) such that for a.e. x G Q v , 

m—1 

<c(m,n)l\M® a (f lt .,,, m - 1 ,g)(x)+ ^ ( JJ (/i)o*)^o*Xo*(aj)) > 

where 

m— 1 

M^(A,..., m -i,^)(x) = sup T(/i)Q^Q- 

Applying to this maximal operator the same argument as in the proof of Lemma 
2.2 and combining with the previous estimate, we get that there exists two sparse 
families S a> i and <S aj 2 from @ a such that for a.e. x G Q u , 

2 m-1 

^i, a (fi,-,m-i,g)(x) < c(m,n)l^2 Yl (II^)^)^^^)- 

K=1 Q>jeS a , K i=1 

Hence, by Holder's inequality (2.4), 

/ ^i,a{h,...,m-i, g)f m dx < c(m, n)l ^ / A^ a , Sa>K (f) g dx 

JQv K= i JM. n 

< 2c(m,n)/sup )|U|MU'- 
Summing up over and using (4.5), we get 

Ti, a (f)gdx < 2 n+1 c(m,n)lsuv\\A®,s(f)\\x\\g\\x>. 

@,s 

By (2.5), taking here the supremum over g > with ||g||x' = 1 gives (4.3) for 
7I, a (/), and therefore the proof is complete. 
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5. Proof of Theorem 1.5 

First, we apply Theorem 1.4 with X = L p (i/^) (observe that p = sttly Fix 
S G 3). Assume that f$ > 0. By duality 

m „ 

\\A 9 ,s(f)\\Lr(^) = sup J2Yl(fi)g k 



Observe that by our choice of pi we have pjp\ = 1. Denote 

If m 1 



We have 



m „ 

-E^«)(n^/ a ,/.)(^i)/ c ^)i«*i 



j,fc i=i 

» m 



x 



Now we apply Holder's inequality: 



n<(^ rl X(^)c/a; 



First, 

\\mZ{s»*)\\ism < 4g\\ LP , = c 

Second, we apply Holder's inequality with pj/p and use that p — 1 = We get 

m mm 

ii n^^" 1 )!!^-^)) < n wKu^wm^) < cn 
i=i 

and we are done. 



i=l i=l i=l 
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